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Plasmonic gratings constitute a paradigmatic instance of the wide range of applications enabled
by plasmonics. While subwavelength metal gratings find applications in optical biosensing and pho-
tovoltaics, atomically thin gratings achieved by periodically doping a graphene monolayer perform
as metasurfaces for the control of terahertz radiation. In this paper we show how these two instances
of plasmonic gratings inherit their spectral properties from an underlying slab with translational
symmetry. We develop an analytical formalism to accurately derive the mode spectrum of the
gratings that provides a great physical insight.
I. INTRODUCTION
Plasmonic systems display a cornucopia of electromag-
netic phenomena primarily dictated by surface geometry.
In previous papers we have striven to bring some order
to the many diverse phenomena by showing that systems
can have identical spectra even though they may have
very different geometry [1, 2]. In this paper we apply
our theory to extended systems, specifically to a class of
gratings related by conformal transformations. In par-
ticular we show that a whole class of gratings share their
properties with a flat surface and as a result have surpris-
ing spectral properties where the regular discrete trans-
lational symmetry of the grating is superseded by the
continuous symmetry of a flat surface. This symmetry
is only broken for some of the modes away from normal
incidence which exhibit a band gap, and this paper deals
with this.
Our tool of choice is transformation optics [3, 4] which
shows how the parameters ǫ and µ in Maxwell’s equa-
tions change when one geometry is transformed into an-
other. For example when a cylinder is transformed into
an ellipse [5], or when a knife edge is transformed into a
series of waveguides [6]. The tool is particularly power-
ful in two dimensional systems where conformal trans-
formations leave the in-plane components of ǫ and µ
unchanged. Furthermore in plasmonic systems the di-
mensions are often measured in nanometres so that sur-
face plasmons which are largely electrical in character
have very small out of plane magnetic fields that can be
neglected. Here we can concentrate on the in-plane re-
sponse and when needed treat magnetic components as
a perturbation. Out of plane ǫ and µ are changed by the
transformations and in particular the magnetic fields al-
ways see the periodicity of the grating through variations
in µ.
In a previous paper [7] we investigated the properties
of plasmonic gratings derived from conformal transfor-
mations and found analytic expressions for the grating’s
response to light incident normal to the grating surface.
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In that paper we noted the problems presented by non
normal incidence but left them unresolved. Here we re-
turn to the problem and present a complete solution. In
Fig. 1 we sketch the structure of the transformations.
Starting from a metal cylindrical annulus we can either
make a ln z transformation, using point 1 as the origin,
directly to a continuous slab of metal, where the angle
around the cylinder maps into the horizontal direction
and the radial direction into the vertical direction. Al-
ternatively we can invert about point 2 to give the cres-
cent on the right. A further transformation of ln z, using
point 3 as the origin, the centre of the larger circle, leads
to a continuous grating structure of finite thickness shown
on the lower right. When the grating is not too strongly
modulated, the shape of the surface is well approximated
by a sine wave. By varying the parameters a whole class
of gratings can be generated. We can also apply our the-
ory to periodically doped graphene by taking the limit of
a very thin grating [8, 9].
In this way a flat slab of metal is conformally related to
many gratings that inherit the spectral properties of an
annular cylinder and of a flat surface. Except that there
is a catch. Previous work related infinite structures to
finite structures which contained a geometric singularity
and had the strange property for a finite system of inher-
iting the continuous spectrum of the infinite parent. Here
our finite structure with a discrete spectrum is related to
an infinite structure with a continuous spectrum. The
requirement that the plasmonic solutions in the cylinder
are continuous at all angles quantises the spectrum. How-
ever the infinite slab and grating have additional modes
that are not directly related through the transformation.
Again a singularity is the culprit and the transformation
illustrated in Fig. 2 implies a branch cut. The Bloch
wave solutions in the infinite cases only map onto the fi-
nite solutions of the cylinders at the zone centre where
solutions have the same periodicity as the lattice. The
challenge addressed in this paper is to build into our the-
ory solutions away from the zone centre. This is impor-
tant for a complete understanding of these systems as
non-central wave vectors comprise the great majority of
solutions.
Previously we showed that at the centre of the Bril-
2louin zone, k = 0, the grating structure effectively disap-
pears: there are no band gaps and mode frequencies are
the same as for the slab, and the group velocity remains
finite. At k = 0 external waves incident on the grating
transform into waves incident on the slab: the proper-
ties of the grating are predicted by the response of the
slab. This result is only slightly disturbed by inclusion
of magnetic perturbations. Away from k = 0 this result
ceases to hold and, as well show below, so distorting is
the geometric singularity that some of the incident wave
has to be reclassified as though it were in fact a reflected
wave. This paper shows how to take account of these
distortions and make accurate calculations of the grating
spectrum.
This manuscript is organised as follows. In section
II we detail our analytical formalism to study the band
structure of subwavelength plasmonic gratings. Next, in
section III we apply our method to study two instances of
plasmonic gratings. First, we consider a graphene mono-
layer subject to a periodic bias potential, where the pe-
riodic modulation of the conductivity acts as a subwave-
length grating. Second, we study periodic gratings in
thin metal slabs.
II. METHODOLOGY
In this section we show how we can relate subwave-
length plasmonic gratings to flat slabs using transforma-
tion optics [7–9]. We start from a simple flat slab of
plasmonic material of thickness d placed at u = u0 [see
Fig. 2 (a), left]. The permittivity of the slab is ǫm(ω),
and of the surrounding dielectrics is ǫ1,2. Our methodol-
ogy can treat metal gratings [7] or, in the limit of an in-
finitesimally thin slab, a graphene sheet with periodically
modulated doping [8, 9]. Here we develop our formalism
for a general d and ǫm, and in section III we study the
two cases in detail.
Making use of the conformal transformation [7–9]
z = γ ln
(
1
ew − iw0 + iy0
)
(1)
the infinite slab in the left hand side of Fig. 2 (a) can be
mapped to the periodic grating shown in the right hand
side of that figure. In Eq. 1, w = u + iv refers to the
coordinates in the slab frame, and z = x + iy to the co-
ordinates in the grating frame. Figure 2(b) shows a plot
of the conformal transformation given by Eq. 1 for the
values of γ, w0 and y0 given in the figure caption. The
branch points (which repeat periodically along the y axis
with period 2πγ) and branch cuts (which extend from the
branch points out to infinity) modulate the shape of the
contour lines. This results in wavy contours that repeat
themselves along the y direction and that can be used
to model a grating by working in the region enclosed by
the two sets of branch points, as depicted with a thick
black line. In Eq. 1, γ is an overall scale factor that
determines the size of the structure through the period
of the grating, a = 2πγ. In addition, w0 is a free param-
eter that sets the grating modulation strength, and y0 is
fixed by w0, the slab thickness, d, and its position, u0,
as y0 = w0/
[
exp (2(u0 + d))− w20
]
. The position of the
slab is chosen so that one of its boundaries transforms to
a straight line in the z plane such that only one of the
grating sides is modulated (see Fig. 2).
In the electrostatic limit, the spectral properties of a
plasmonic structure are only determined by geometry.
Subwavelength plasmonic gratings, of period a ≪ λ,
with λ = 2π/k0 being the free space wavelength, can
be well described within that limit. Recalling that con-
formal transformations applied to Maxwell’s equations
conserve not only the in-plane material parameters, but
also the electrostatic potential [10], we conclude that the
slab and grating frames are equivalent within the elec-
trostatic limit. Therefore finding the modes of the more
simple translationally invariant slab automatically gives
the modes of the grating, which has a more complicated
shape. This means that the band structure of the grating
can in principle be obtained by simply taking the disper-
sion relation of the plasmonic slab in the electrostatic
limit and folding it into the first Brillouin zone [7].
However, in order to appropriately calculate the modes
in the grating frame, one must take into account the
boundary conditions to be imposed in the slab frame.
Since the system in the grating frame is periodic along
y, one needs to impose the same periodicity in the (u, v)
frame, where the dispersion relation is continuous. Nev-
ertheless, solutions at a finite wave vector k have an
unphysical discontinuity of the phase across the branch
cuts of Eq. 1. For this reason, the equivalence between
the translationally invariant slab and the periodic grating
strictly holds only close to the zone centre, for k ≪ π/a
[7]. In the following we develop a method that allows us
to accurately predict the modes of the grating even at
the zone boundary, k = π/a.
Our procedure consists of studying the response of the
grating to incident waves decaying towards the grating.
The causal response will consist of waves growing toward
the grating. We start by considering an incident wave
from the right onto the grating, with wavenumber k0 =√
k2x + k
2
y. Within the electrostatic limit (k = ky ≫ k0,
kx ≈ ik ) we write the electrostatic potential in different
regions of space as follows,
Ψx>0inc (x, y) = (2)
=
∑
g
a+k+g exp [+(k + g)z] , k + g > 0,
=
∑
g
a+k+g exp [−(k + g)z∗] , k + g < 0,
Ψx<0inc (x, y) = (3)
=
∑
g
a−k+g exp [−(k + g)z∗] , k + g > 0,
=
∑
g
a−k+g exp [+(k + g)z] , k + g < 0.
3Here, we sum over the modes of the grating, g, and a±k+g
are expansion coefficients of the incident waves. We note
that we work with dimensionless coordinates and lattice
vectors, this is, k and z stand for kγ and z/γ, respectively.
Similarly, for the reflected waves,
Ψx>0ref (x, y) = (4)
=
∑
g
b+k+g exp [−(k + g)z∗] , k + g > 0,
=
∑
g
b+k+g exp [+(k + g)z] , k + g < 0,
Ψx<0ref (x, y) = (5)
=
∑
g
b−k+g exp [+(k + g)z] , k + g > 0,
=
∑
g
b−k+g exp [−(k + g)z∗] , k + g < 0,
where b±k+g stand for the expansion coefficients of the
reflected waves.
We wish to express the waves in the slab frame, where
the boundary conditions are easier to apply. Since the
electrostatic potential is conserved, one simply needs to
replace z by w through their relation, Eq. 1. As sketched
in Fig. 2(a), in transforming from the grating to the slab
frame, waves go to opposite sides of the slab, from x > 0
to u < 0 and vice versa. Using Eq. 1, we have for the
incident waves, Eqs. 2 and 3,
Ψu<0inc (u, v) = (6)
=
∑
g
a+k+g
[
1
exp(w) − iw0 + iy0
]+(k+g)
, k + g > 0,
=
∑
g
a+k+g
[
1
exp(w∗) + iw0
− iy0
]−(k+g)
, k + g < 0,
Ψu>0inc (u, v) = (7)
=
∑
g
a−k+g
[
1
exp(w∗) + iw0
− iy0
]−(k+g)
, k + g > 0,
=
∑
g
a−k+g
[
1
exp(w) − iw0 + iy0
]+(k+g)
, k + g < 0.
and similarly for reflected waves.
By expanding Eq. 1 as a series, we can rewrite the
potential for the incident waves in the slab frame in series
form,
ψu<0inc (u, v) = (8)
=
∑
g
a+k+g
{
Ige
−w(k+g) +
∞∑
n=1
[
Q+n (g)w
n
0 e
−(k+g+n)w +Q−n (g) y
′n
0 e
−(k+g−n)w
]}
, k + g > 0
=
∑
g
a+k+g
{
Ige
w∗(k+g) +
∞∑
n=1
[
Q−n (g)w
n
0 e
+(k+g−n)w∗ +Q+n (g) y
′n
0 e
+(k+g+n)w∗
]}
, k + g < 0
ψu>0inc (u, v) = (9)
=
∑
g
a−k+g
{
Ige
w∗(k+g) +
∞∑
n=1
[
Q−n (g)w
n
0 e
+(k+g−n)w∗ +Q+n (g) y
′n
0 e
+(k+g+n)w∗
]}
, k + g > 0
=
∑
g
a−k+g
{
Ige
−w(k+g) +
∞∑
n=1
[
Q+n (g)w
n
0 e
−(k+g+n)w +Q−n (g) y
′n
0 e
−(k+g−n)w
]}
, k + g < 0
where y′0 = y0/(1+w0y0) and Ig and Q
±
n (g) are given in
the Supplemental Material. The above series converges
in the region between the two branch points, log |w0| <
u < log |w0 + 1/y0|. From these expressions we can see
that, depending on the value of the exponents k+ g±n,
some of the waves change category: from incident in the
grating frame (see Eqs. 2 and 3), they swap to reflected
in the slab frame. Proceeding in a similar fashion for
the reflected waves, one arrives at equivalent expressions
where some of the waves change from reflected to incident
(see Supplemental Material Eqs. S18, S19). The reason
for this mixing of the waves is the change in boundary
conditions alluded to above, since in the slab frame the
waves are emitted from and disappear into singularities
at, w = w1 and w = log(e
w1 − e−y1).
In order to account for this, we swap some of the terms,
such that all the incident and reflected waves are grouped
in the same category in the slab frame. This gives,
4ψu<0inc (u, v) = (10)
=
∑
g
{
a+k+g
[
Ige
−(k+g)w +
∞∑
n=1
Q+n (g)w
n
0 e
−(k+g+n)w +
g∑
n=1
Q−n (g) y
′n
0 e
−(k+g−n)w
]
+
+ b+k+g
∞∑
n=g+1
Q−n (g)w
n
0 e
+(k+g−n)w∗
}
, k + g > 0
=
∑
g

a+k+g

Ige(k+g)w∗ + ∞∑
n=1
Q−n (g)w
n
0 e
+(k+g−n)w∗ +
|g|−1∑
n=1
(
Q+n (g) y
′n
0 e
+(k+g+n)w∗
) +
+ b+k+g
∞∑
n=|g|
Q+n (g)w
n
0 e
−(k+g+n)w

 , k + g < 0
where we have that the incident waves in the slab frame
come from a combination of the incident and reflected
waves in the grating frame, which are associated with
coefficients a±k+g and b
±
k+g, respectively.
Finally, the modes of the plasmonic grating can be
derived by matching the fields at the slab interfaces. In-
troducing scattering matrices Tˆ to account for the slab
position at u = u0, the matching equations read as,
Ψu>0ref = T
++Ψu<0inc +T
+−Ψu>0inc (11)
Ψu<0ref = T
−+Ψu<0inc +T
−−Ψu>0inc . (12)
The scattering matrices, Tˆ, depend on the slab thickness,
d, its position, u0, and the plasmon dispersion relation in
the slab frame (see Supplemental Material Section IV).
Writing out this equation in terms of the expansion co-
efficients of the incident and reflected waves we have the
following matrix equation,
Sˆbˆ+ Rˆaˆ = TˆSˆaˆ+ TˆRˆbˆ (13)
where aˆ = (a+, a−)T , bˆ = (b−,b+)T , and,
Tˆ =
(
T
++
T
+−
T
−+
T
−−
)
, (14)
Sˆ =
(
S
′ 0
0 S
)
, (15)
Rˆ =
(
0 R′
R 0
)
, (16)
where the matrices S, S′, R and R′ are obtained from
the matching equation and are given in the Supplemental
Material. Finally, in order to look for the eigensolutions
of the grating we rearrange Eq. 13,(
Rˆ− TˆSˆ
)
aˆ =
(
TˆRˆ− Sˆ
)
bˆ, (17)
and solve for
det
(
TˆRˆ− Sˆ
)
/ det
(
Rˆ− TˆSˆ
)
= 0. (18)
Equation 17 represents an infinite matrix system of equa-
tions, but it can be truncated to just a few terms by
considering the relevant modes. A first order approxima-
tion is to consider only the exchange of incident/reflected
waves that are separated by just one mode. This results
in 4× 4 matrices, with modes k − 1 and k involved, and
already reproduces some of the main features seen in the
full electrodynamic simulations of the gratings. On the
other hand, a second order calculation includes waves
that are connected by up to two modes (k − 2, k − 1, k
and k + 1), resulting in 8 × 8 matrices and giving more
accurate results. Finally, a third order calculation - ex-
change of waves separated by three modes, from k− 3 to
k+2, 12× 12 matrices - produces results that, as we will
see, show an almost perfect agreement with simulations.
III. RESULTS
In this section we apply our formalism to derive the
band structure of two instances of plasmonic gratings:
graphene conductivity gratings and metal gratings.
A. Graphene with modulated conductivity
Compared to other commonly employed plasmonic ma-
terials such as nobel metals, graphene presents two main
advantages [11–18]. First, its characteristic linear disper-
sion of electrons close to the Dirac point together with
its low carrier density implies that the chemical potential
of graphene can be dynamically tuned in a broad band
range by, e.g., electrostatic gating. This provides biased
graphene with the potential of supporting surface plas-
mons of tuneable properties. In addition, owing to the
2D character of this material, graphene plasmons are ex-
tremely confined to the sheet, that is, their wavelength
is much smaller than the free space wavelength of radi-
ation, by a factor much larger than the typical factors
observed in noble metals. Here we consider a graphene
monolayer subject to a spatially periodic bias that results
5in a periodic modulation of the conductivity of the sheet
along one direction [8, 9]. Such a conductivity grating
provides the missing momentum for a free space photon
at THz frequencies to couple into the surface plasmons
in graphene, with wavelengths of a few µm. Alternative
coupling methods into surface plasmons include relief cor-
rugations or periodically patterned substrates [19–23], as
well as patterned graphene structures [24–29].
Within our transformation optics formalism, a
graphene conductivity grating can be treated by consid-
ering the limit of an infinitesimally thin slab. A graphene
layer of conductivity σg(ω) can be equivalently repre-
sented as a thin slab of material of thickness d and per-
mittivity,
ǫ(ω) = 1 + i
σg(ω)
ωǫ0d
, (19)
Such a thin slab maps to another thin slab of modu-
lated thickness through Eq. 1, as sketched in Fig. 1(a).
The slab in the grating frame equivalently represents a
graphene layer with periodically varying conductivity [8].
Since conformal transformations preserve the material
properties in the plane of incidence, ǫ(ω) is the same
in both frames, and, according to Eq. 19, σg(ω) varies
periodically following the variations of the material thick-
ness. This allows us to apply the formalism presented in
Section II to the case of a graphene conductivity grating.
The most important result stemming from our trans-
formation optics framework is that the modes of the
graphene conductivity grating are linked to those of a
simple layer of homogeneously biased graphene. Within
the quasi static limit, the dispersion relation of the
graphene plasmons propagating along a homogeneous
graphene sheet is given by,
ǫ1 + ǫ2 + i
σg(ω)
ǫ0ω
|k| = 0 , (20)
with k the component wavevector parallel to the grating.
The conductivity of graphene, σg(ω), is taken from the
RPA [30]. The equation above also represents the dis-
persion relation of the surface plasmons in the graphene
conductivity grating, at least close to the zone centre.
Figure 3 presents the band structures of two graphene
conductivity gratings, one weakly modulated, w0 = 1.5
(left panel), and one strongly modulated, w0 = 2.5 (right
panel). In both cases the grating period is a = 2πγ, with
γ = 4 · 10−7 m, the chemical potential is µ = 0.1 eV
and the scattering losses are assumed to be low (τ = 10
ps). In the figure, the black dots represent numerical
results for the eigenfrequencies of the full electrodynam-
ics of the problem. The dispersion relation of plasmons
in a homogenous graphene sheet, Eq. 20 folded in the
first Brillouin zone, is plotted as a thin grey line. It is
clear that the dispersion in the slab frame agrees per-
fectly with the numerically calculated modes of the grat-
ing close to the zone centre. The translational invariance
of the graphene in the slab frame implies the absence of a
band gap at k = 0, independently of how strongly modu-
lated the grating is, so close to the zone centre the modes
of both gratings occur at the same energy. It should be
noted that the absence of band gaps at k = 0 is exact
only up to magnetic effects, which give rise to a small
band gap that is much smaller than the broadening of
the bands due to radiation damping. On the other hand,
as the parallel momentum increases away from the zone
centre, the exact result starts to deviate from Eq. 20.
The reason for this is Bragg scattering [31]. In particu-
lar, for the weakly modulated case, a band gap opens at
the zone edge for the lowest band. This is to be expected,
and is due to the already discussed discontinuities of the
waves at the branch cuts. The effect is strongest for the
first band since a weakly modulated grating can be very
well approximated to a sinusoidal shape, and hence the
first Fourier component is much larger than the rest. In-
deed, a very small band gap also opens in the second
band. For the strongly modulated grating, band gaps
at the zone edge are visible for the three lowest bands.
The reason for this is that a stronger modulation has a
few more Fourier components than the first one, which
provide the momentum needed to open those band gaps.
In order to analytically calculate the band structure
throughout the whole of the Brillouin zone, we apply
our method to include the mixing of waves through the
branch cuts. We solve Eq. 18, where the scattering ma-
trix, Tˆ, is obtained by matching the fields in the slab
frame, as shown in the SM. For the sake of simplicity in
our calculation we assume lossless graphene [Re(σg) = 0],
and we have,
T++k =
2ǫ2
ǫ2 + ǫ1 + iσg(ω)|k|/(ωǫ0) , (21)
T+−k =
ǫ2 − ǫ1 − iσg(ω)|k|/(ωǫ0)
ǫ2 + ǫ1 + iσg(ω)|k|/(ωǫ0)e
+2|k|u0 , (22)
T−+k =
ǫ1 − ǫ2 − iσg(ω)|k|/(ωǫ0)
ǫ2 + ǫ1 + iσg(ω)|k|/(ωǫ0)e
−2|k|u0 , (23)
T−−k =
2ǫ1
ǫ2 + ǫ1 + iσg(ω)|k|/(ωǫ0) . (24)
The dispersion relation obtained using this analytical
method is plotted in Fig. 3 for three different number
of modes included in the calculation: n = 1, dotted blue
line, n = 2, dashed green line and n = 3, thick purple
line. For the weakly modulated grating, taking only only
one mode into account nicely reproduces the first band
gap. Introducing a second mode accounts for the contri-
bution that yields to the second band gap opening, and
three modes give a very similar result. The results for
the grating with strong modulation are similar but the
effects are more clearly seen since the first three bands
show a band gap. Including the first mode reproduces
almost completely the first band gap, and including the
second mode brings the results closer to the simulations.
Next, introducing this second mode reproduces the sec-
ond band gap, but it overestimates it. Finally, work-
ing with three modes narrows the second band gap, and
6gives rise to a third band gap. Again, this third band
gap is slightly overestimated compared to the simulation
results, but that could be solved by introducing one more
mode in the calculation.
B. Metal grating
We now consider the modes of subwavelength metal
gratings. Plasmonic gratings provide a simple scheme
within state of the art nanofabrication to couple radia-
tion into modes that are confined in a scale much smaller
than the wavelength. Similarly to the graphene conduc-
tivity gratings that we have discussed, a periodic pattern
in a metal film enables the coupling of a plane wave to
higher order modes diffracted by the grating, and the
associated energy concentration has been used for appli-
cations in biosensing as well as solar cells [32–36]. In
addition, plasmonic gratings provide a simple design for
asymmetric reflectors (or absorbers) in the optical regime
due to biansotropy [37].
Following our transformation optics framework, the
modes of the metal grating can be mapped to those of a
slab of thickness d, which in the quasistatic limit follow
the well known dispersion relation,
e|k|d = ± ǫm(ω)− 1
ǫm(ω) + 1
(25)
Figure 4 presents the band structures of a weakly (left
panel) and a strongly (right panel) modulated silver grat-
ing. The permittivity of silver is described with a Drude
model,
ǫm(ω) = 1−
ω2p
ω(ω + iγ)
, (26)
with plasma frequency ωp = 8 eV. Again, for our an-
alytical calculations we take a lossless metal. The dis-
persion relation of the silver grating in the first Brillouin
zone is shown for frequencies below ωp. The solution to
Eq. 25, that is, the dispersion of the flat slab, is plotted
as a thin grey line. In the slab frame, the k vector in-
creases greatly as the frequency approaches the surface
plasmon resonance, ωsp = ωp/
√
2. Folding the surface
plasmon dispersion relation in the first Brillouin zone
hence results in the modes being closer together as the
frequency approaches ωsp both from below and above.
In fact, the surface plasmon frequency separates modes
of different symmetries: bonding modes below ωsp, anti-
bonding modes above ωsp [see inset panels (a1) and (a2)
in Fig. 4]. Close to the zone centre, Eq. 25 shows an
almost perfect agreement with the results obtained from
full electrodynamics simulations (black dots) above and
below ωsp. On the other hand, and as we have explained
before, the dispersion in the slab frame fails to reproduce
the band gap openings at the zone edge.
In order to derive the full band structure with our for-
malism we first write the scattering matrices for this case
(see SM), which read as
T++k = e
2|k|u0
1− e2α
e2|k|d − e2α , (27)
T+−k = −e−2|k|(u0+d)
e2|k|d − 1
e2|k|d − e2α , (28)
T−+k = −e−2|k|u0
e2|k|d − 1
e2|k|d − e2α , (29)
T−−k = e
2|k|d 1− e2α
e2|k|d − e2α , (30)
The dispersion relation obtained by solving Eq. 18 is
plotted in Fig. 4. For the case of the weak grating, the
numerical results show how the lowest energy band be-
low ωsp , i.e. the lowest bonding mode, and the highest
energy band below ωp, i.e. the highest bonding mode,
present the largest band gaps at k = π/a. Taking into
account one mode (dotted blue line) gives the the low-
est and highest energy bands, in good agreement with
numerics and reproducing both band gap openings. In-
cluding two modes in the calculation (dashed green line)
slightly improves the result for the lowest and highest
bands, and also reproduces the small band gap openings
for the second lowest and second highest bands, in an
excellent agreement with simulations. Next, the calcula-
tion with 3 modes also reproduces the third band below
ωsp and third band below ωp. On the other hand, for the
grating with strongest modulation, the interaction effects
between bands are more pronounced and the band gaps
at k = π/a are much larger. In this case, including only
one mode in the formalism (dotted blue line), fails to ac-
curately predict the size of the lowest and highest band
gaps and shows some deviation from the numerical results
for the bands. Similar features occur for the analytical
results with 2 modes (dashed green line). The results for
n = 3 (thick purple line) show an almost perfect agree-
ment with simulations for the lowest and highest band
gap openings, while the next order ones can be improved
by considering one more mode in the formalism.
Finally, we discuss here how our analytical predictions
show small deviations at certain frequencies from the
bands obtained with full electrodynamics. As shown in
Fig. 4, some of the bands above the surface plasmon fre-
quency bend when approaching the light line and avoid
crossing it, whereas our quasistatic solution predicts a
direct crossing of the light line. This effect is more pro-
nounced for the highest frequency band, and is reminis-
cent of the behaviour of the antibonding mode supported
by a simple metal slab. The retarded dispersion relation
for the antibonding mode approaches the quasistatic so-
lution, ωsp at high k vectors, and grows to higher frequen-
cies for smaller k vectors. As the light line is approached,
the dispersion bends towards it and tends towards zero
frequency. In fact, this perturbation of the bands was
almost absent for the graphene conductivity grating dis-
cussed above since in the limit of an infinitely thin slab
only the bonding mode survives.
7IV. CONCLUSIONS
In this paper, we studied plasmonic gratings that in-
herit their spectral properties from a simple translation-
ally invariant thin slab. The grating and the slab are re-
lated to each other through a conformal map, such that
the plasmonic response of the grating is the same as that
for the slab. This statement is exact only at normal inci-
dence, where we have shown how the incident wave does
not couple to the grating, and the dispersion relation is
continuous regardless the grating strength. On the other
hand, out of normal incidence the band structure dis-
plays band gap openings where the dispersion relation
is no longer continuous. This is an effect of the distor-
tion of the geometry when going from the slab to the
grating, which is reflected by branch points in the con-
formal transformation. By appropriately taking into ac-
count these singularities, which result in incident (trans-
mitted) waves transforming into transmitted (reflected)
waves, we accurately calculate the dispersion of the plas-
mon modes supported by the grating in whole frequency
range and for the whole Brillouin zone.
We have studied gratings formed by a thin metal film
with one periodically curved surface and to gratings ob-
tained by doping a graphene layer with a spatially peri-
odic pattern. In the case of graphene gratings, our ana-
lytical treatment results in dispersion relations that are in
perfect agreement with those obtained from full electro-
dynamics simulations. This is due to the 2D character
of the graphene, which results in very confined surface
plasmons that can be very well described under the qua-
sistatic approximation. On the other hand, for the case
of metal gratings, the band structure shows some effects
of retardation close to the light line for the antibonding
modes. While this cannot be captured by our quasistatic
treatment, we have shown that our formalism describes
almost perfectly the physics behind the band structure.
In fact, a very good agreement with full electrodynam-
ics calculations is obtained for very subwavelength metal
gratings. Our analytical treatment allows for an easy
optimization of the grating parameters for a given appli-
cation.
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FIG. 1. Two dimensional Plasmonic structures related by
conformal transformations. The finite cross section annular
cylinder at top left is related to the infinite structures in the
lower half of the figure which inherit its spectral properties,
but with a twist given by singularities in the transformations.
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FIG. 2. (a) A periodic metal grating (right) maps to an infinite slab through a conformal transformation. The transformation
results in the mixing of some waves between the slab (left) and grating (right) frames. The black circles denote singular points
at w1 = ln(w0)+ iπ/2 and w1 = ln(w0+y
−1
0
)+ iπ/2 (with 2π periodicity along the vertical direction). (b) Contour lines for the
conformal transformation that relates the infinite slab to the plasmonic grating, Eq. 1. Lines of constant u and v are plotted.
The parameters used are: γ = 1, w0 = 1.5, u0 = 1 and d = 0.5. The thick black lines correspond to the maps of u = u0 (wavy
line) and u = u0 + d (straight line), and represent the grating shape.
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(a) (b)
FIG. 3. Dispersion relation in the first Brillouin zone for graphene conductivity gratings at µ = 0.1 eV, for (a) weak modulation
(w0 = 1.5) and (b) strong modulation (w0 = 2.5). The graphene is placed on a substrate (ǫ1 = 3, ǫ2 = 1) and in both cases the
period is a = 2πγ, with γ = 4 ·10−7 m. We start with a graphene layer at u0 = 1 in the slab frame. The thin grey line represents
the plasmon dispersion relation of a homogeneously biased graphene layer (Eq. 20), and the dotted blue, dashed green and
thick purple lines correspond to the solution for the modes obtained with Eq. 18 and including one, two and three modes in
the calculation, respectively. The black dots show full electrodynamic simulation results and the dark blue line represents the
light line.
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FIG. 4. Dispersion relation for silver gratings of two different modulation strengths: w0 = 1.5 (a) and w0 = 2.5 (b). The
period of both gratings is a = 2πγ, with γ = 5 · 10−9 m, and ǫ1 = ǫ2 = 1. We start with a metal film of thickness d = 0.5
at u0 = 1 in the slab frame. Modes below and above the surface plasmon frequency, ωp/
√
2, marked with an orange line, are
shown. Simulation results are plotted as black dots, while the lines correspond to our analytical theory as in Fig. 3. Note
that, especially for the weakly modulated grating, the results for n = 1 (dotted blue line), in the region of the first band gap,
almost overlap with the results for n = 3 (thick purple line). Similarly, the results for n = 2 (dashed green line) for the first
and second band gaps are almost the same as the results for n = 3. Note also that the modes in the vicinity of the surface
plasmon frequency (orange line) have been removed for the sake of clarity. Lower inset panels: electric field patterns in the
weakly modulated grating at the selected points at k = 0 and k = π/a as indicated in panel (a).
